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Abstrat
Reently, arising from an enlighting analysis of Baskaran and Gr-
ishhuk in Class. Quant. Grav. 21 4041-4061 (2004), some papers in
the literature have shown the presene and importane of the so-alled
magneti omponents of gravitational waves (GWs), whih have to be
taken into aount in the ontext of the total response funtions of inter-
ferometers for GWs propagating from arbitrary diretions. In Int. Journ.
Mod. Phys. A 22, 13, 2361-2381 (2007) and Int. J. Mod. Phys. D 16,
9, 1497-1517 (2007) aurate response funtions for the Virgo and LIGO
interferometers have been analysed.
However, some results whih have been shown in Int. Journ. Mod.
Phys. A 22, 13, 2361-2381 (2007) look in ontrast with the results whih
have been shown in Int. J. Mod. Phys. D 16, 9, 1497-1517 (2007).
In fat, in Int. Journ. Mod. Phys. A 22, 13, 2361-2381 (2007) it was
laimed that the magneti omponent of GWs ould, in priniple, extend
the frequeny range of Earth based interferometers, while in Int. J. Mod.
Phys. D 16, 9, 1497-1517 (2007) suh a possibility has been banned.
This ontrast has been partially solved in the Proeedings of the XLI-
Ind Renontres de Moriond, Gravitational Waves and Experimental Grav-
ity, La Thuile, Val d'Aosta Italy (Marh 12-18 2007).
The aim of this review paper is to re-analyse all the framework of the
magneti omponents of GWs with the goal of solving the mentioned
ontrast in denitive way.
Aurate response funtions for the Virgo and LIGO interferometers
will be also re-disussed in detail.
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1 Introdution
The data analysis of interferometri gravitational waves (GWs) detetors has
reently been started (for the urrent status of GWs interferometers see [1, 2,
3, 4, 5, 6, 7, 8℄) and the sienti ommunity aims in a rst diret detetion of
GWs in next years.
Detetors for GWs will be important for a better knowledge of the Universe
and also to onrm or ruling out the physial onsisteny of General Relativity or
of any other theory of gravitation [9, 10, 11, 12, 13, 14, 15, 16℄. This is beause, in
the ontext of Extended Theories of Gravity, some dierenes between General
Relativity and the others theories an be pointed out starting by the linearized
theory of gravity [9, 10, 12, 14℄. In this piture, detetors for GWs are in priniple
sensitive also to a hypotetial salar omponent of gravitational radiation, that
appears in extended theories of gravity like salar-tensor gravity, high order
theories [12, 15, 16, 17, 18, 19, 20, 21, 22℄ and Brans-Dike theory [23℄.
Reently, arising from an enlighting analysis of Baskaran and Grishhuk in
[24℄, some papers in the literature have shown the presene and importane
of the so-alled magneti omponents of GWs, whih have to be taken into
aount in the ontext of the total response funtions of interferometers for
GWs propagating from arbitrary diretions. In [25℄ and [26℄ aurate response
funtions for the Virgo and LIGO interferometers have been analysed.
However, some results whih have been shown in [25℄ look in ontrast with
the results whih have been shown in[26℄. In fat, in [25℄ it was laimed that the
magneti omponent of GWs ould, in priniple, extend the frequeny range
of Earth based interferometers, while in [26℄ suh a possibility has been banned.
This ontrast has been partially solved in [27℄.
The aim of this review paper is to re-analyse all the framework of the mag-
neti omponents of GWs with the goal of solving the mentioned ontrast in
denitive way.
Aurate response funtions for the Virgo and LIGO interferometers will be
re-disussed in detail too.
2 Analysis in the frame of the loal observer
In a laboratory enviroment on earth, the oordinate system in whih the spae-
time is loally at is typially used and the distane between any two points is
given simply by the dierene in their oordinates in the sense of Newtonian
physis [9, 12, 24, 25, 26, 27, 28℄. In this frame, alled the frame of the loal
observer, GWs manifest themself by exerting tidal fores on the masses (the
mirror and the beam-splitter in the ase of an interferometer, see gure 1).
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Figure 1: photons an be launhed from the beam-splitter to be bouned bak
by the mirror
Reently, the presene and importane of the so-alled magneti omponents
of GWs have been shown by Baskaran and Grishhuk that omputed the or-
respondent detetor patterns in the low-frequenies approximation [24℄. Then,
more detailed angular and frequeny dependenes of the response funtions for
the magneti omponents has been given in the same approximation, with a
spei appliation to the parameters of the LIGO and Virgo interferometers
in [25, 26, 27℄. The most important goal of this review paper is to solve in a
denitive way the ontrast between [25℄ and [26℄ on the possibility of extending
the frequeny-band of interferometers.
Before starting with the analysis of the response funtions, a brief review
of Setion 3 of [24℄ is due to understand the importane of the magneti
omponents of GWs. In this review paper we will use dierent notations with
respet to the ones used in [24℄. Following [25, 26, 27℄, we work with G = 1, c = 1
and ~ = 1 and we all h+(ttt+ztt) and h×(ttt+ztt) the weak perturbations due
to the + and the × polarizations whih are expressed in terms of synhronous
oordinates ttt, xtt, ytt, ztt in the transverse-traeless (TT) gauge. In this way,
the most general GW propagating in the ztt diretion an be written in terms
of plane monohromati waves [25, 26, 27℄
hµν(ttt + ztt) = h+(ttt + ztt)e
(+)
µν + h×(ttt + ztt)e
(×)
µν =
= h+0 exp iω(ttt + ztt)e
(+)
µν + h×0 exp iω(ttt + ztt)e
(×)
µν ,
(1)
and the orrespondent line element will be
ds2 = dt2tt − dz
2
tt − (1 + h+)dx
2
tt − (1 − h+)dy
2
tt − 2h×dxttdxtt. (2)
The wordlines xtt, ytt, ztt = const. are timelike geodesis representing the
histories of free test masses [24, 25, 26, 27℄. The oordinate transformation
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xα = xα(xβtt) from the TT oordinates to the frame of the loal observer is
[24, 25, 26, 27℄.
t = ttt +
1
4 (x
2
tt − y
2
tt)h˙+ −
1
2xttytth˙×
x = xtt +
1
2xtth+ −
1
2ytth× +
1
2xttztth˙+ −
1
2yttztth˙×
y = ytt +
1
2ytth+ −
1
2xtth× +
1
2yttztth˙+ −
1
2xttztth˙×
z = ztt −
1
4 (x
2
tt − y
2
tt)h˙+ +
1
2xttytth˙×,
(3)
where it is h˙+ ≡
∂h+
∂t
and h˙× ≡
∂h×
∂t
. The oeients of this transforma-
tion (omponents of the metri and its rst time derivative) are taken along
the entral wordline of the loal observer [24, 25, 26, 27℄. It is well known from
[24, 25, 26, 27℄ that the linear and quadrati terms, as powers of xαtt, are unam-
biguously determined by the onditions of the frame of the loal observer, while
the ubi and higher-order orretions are not determined by these onditions.
Thus, at high-frequenies, the expansion in terms of higher-order orretions
breaks down [24, 26, 27℄.
Considering a free mass riding on a timelike geodesi (x = l1, y = l2, z = l3)
[24, 25, 26, 27℄, eqs. (3) dene the motion of this mass with respet to the
introdued frame of the loal observer. In onrete terms one gets
x(t) = l1 +
1
2 [l1h+(t)− l2h×(t)] +
1
2 l1l3h˙+(t) +
1
2 l2l3h˙×(t)
y(t) = l2 −
1
2 [l2h+(t) + l1h×(t)]−
1
2 l2l3h˙+(t) +
1
2 l1l3h˙×(t)
z(t) = l3 −
1
4[ (l
2
1 − l
2
2)h˙+(t) + 2l1l2h˙×(t),
(4)
whih are exatly eqs. (13) of [24℄ rewritten using our notation. In absene of
GWs the position of the mass is (l1, l2, l3). The eet of the GW is to drive the
mass to have osillations. Thus, in general, from eqs. (4) all three omponents
of motion are present [24, 25, 26, 27℄.
Negleting the terms with h˙+ and h˙× in eqs. (4), the traditional equations
for the mass motion are obtained [24, 25, 26, 27℄:
x(t) = l1 +
1
2 [l1h+(t)− l2h×(t)]
y(t) = l2 −
1
2 [l2h+(t) + l1h×(t)]
z(t) = l3.
(5)
Clearly, this is the analogous of the eletri omponent of motion in eletro-
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dynamis [24, 25, 26, 27℄, while equations
x(t) = l1 +
1
2 l1l3h˙+(t) +
1
2 l2l3h˙×(t)
y(t) = l2 −
1
2 l2l3h˙+(t) +
1
2 l1l3h˙×(t)
z(t) = l3 −
1
4[ (l
2
1 − l
2
2)h˙+(t) + 2l1l2h˙×(t),
(6)
are the analogous of the magneti omponent of motion. One ould think
that the presene of these magneti omponents is a frame artefat due to
the transformation (3), but in Setion 4 of [24℄ eqs. (4) have been diretly ob-
tained from the geodesi deviation equation too, thus the magneti omponents
have a real physial signiane. The fundamental point of [24, 26, 27℄ is that
the magneti omponents beome important when the frequeny of the wave
inreases (Setion 3 of [24℄), but only in the low-frequeny regime. This an
be understood diretly from eqs. (4). In fat, using eqs. (1) and (3), eqs. (4)
beome
x(t) = l1 +
1
2 [l1h+(t)− l2h×(t)] +
1
2 l1l3ωh+(t−
pi
2 ) +
1
2 l2l3ωh×(t−
pi
2 )
y(t) = l2 −
1
2 [l2h+(t) + l1h×(t)]−
1
2 l2l3ωh+(t−
pi
2 ) +
1
2 l1l3ωh×(t−
pi
2 )
z(t) = l3 −
1
4[ (l
2
1 − l
2
2)ωh+(t−
pi
2 ) + 2l1l2ωh×(t−
pi
2 ).
(7)
Thus, the terms with h˙+ and h˙× in eqs. (4) an be negleted only when
the wavelength goes to innity [24, 25, 26, 27℄, while, at high-frequenies, the
expansion in terms of ωlilj orretions, with i, j = 1, 2, 3, breaks down [24, 26,
27℄. This fat has not been emphasized in [25℄, thus one ould think that the
magneti omonents of GWs ould, in priniple, extend the frequeny-range
of interferometers, but this is not orret [24, 25, 26, 27℄.
Now, let us ompute the total response funtions of interferometers for the
magneti omponents.
Equations (4), that represent the oordinates of the mirror of the interfer-
ometer in presene of a GW in the frame of the loal observer, an be rewritten
for the pure magneti omponent of the + polarization as
x(t) = l1 +
1
2 l1l3h˙+(t)
y(t) = l2 −
1
2 l2l3h˙+(t)
z(t) = l3 −
1
4 (l
2
1 − l
2
2)h˙+(t),
(8)
where l1, l2 and l3 are the unperturbed oordinates of the mirror.
To ompute the response funtions for an arbitrary propagating diretion of
the GW, we reall that the arms of the interferometer are in general in the
−→u
and
−→v diretions, while the x, y, z frame is adapted to the propagating GW (i.e.
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Figure 2: a GW propagating from an arbitrary diretion
the observer is assumed loated in the position of the beam splitter). Then, a
spatial rotation of the oordinate system has to be performed:
u = −x cos θ cosφ+ y sinφ+ z sin θ cosφ
v = −x cos θ sinφ− y cosφ+ z sin θ sinφ
w = x sin θ + z cos θ,
(9)
or, in terms of the x, y, z frame:
x = −u cos θ cosφ− v cos θ sinφ+ w sin θ
y = u sinφ− v cosφ
z = u sin θ cosφ+ v sin θ sinφ+ w cos θ.
(10)
In this way the GW is propagating from an arbitrary diretion
−→r to the
interferometer (see gure 2 ).
As the mirror of eqs. (8) is situated in the u diretion, using eqs. (8), (9)
and (10) the u oordinate of the mirror is given by
u = L+
1
4
L2Ah˙+(t), (11)
where
A ≡ sin θ cosφ(cos2 θ cos2 φ− sin2 φ) (12)
and L =
√
l21 + l
2
2 + l
2
3 is the length of the interferometer arms.
The omputation for the v arm is similar to the one above. Using eqs. (8),
(9) and (10), the oordinate of the mirror in the v arm is:
6
v = L+
1
4
L2Bh˙+(t), (13)
where
B ≡ sin θ sinφ(cos2 θ cos2 φ− sin2 φ). (14)
3 The response funtion of an interferometer for
the magneti ontribution of the + polarization
Equations (11) and (13) represent the distane of the two mirrors of the inter-
ferometer from the beam-splitter in presene of the GW (note that only the
ontribution of the magneti omponent of the + polarization of the GW is
taken into aount). They represent partiular ases of the more general form
given in eq. (33) of [24℄.
A signal an also be dened in the time domain (T = L in our notation):
δT (t)
T
≡
u− v
L
=
1
4
L(A−B)h˙+(t). (15)
The quantity (15) an be omputed in the frequeny domain using the
Fourier transform of h+, dened by
h˜+(ω) =
∫
∞
−∞
dth+(t) exp(iωt), (16)
obtaining
δ˜T (ω)
T
= H+magn(ω)h˜+(ω),
where the funtion
H+magn(ω) = −
1
8 iωL(A−B) =
= − 14 iωL sin θ[(cos
2 θ + sin 2φ1+cos
2 θ
2 )](cosφ− sinφ)
(17)
is the total response funtion of the interferometer for the magneti om-
ponent of the + polarization, in perfet agreement with the result of Baskaran
and Grishhuk (eqs. 46 and 49 of [24℄). In the above omputation the theorem
on the derivative of the Fourier transform has been used.
In the present work the x, y, z frame is the frame of the loal observer adapted
to the propagating GW, while in [24℄ the two frames are not in phase (i.e. in
this paper the third angle is put equal to zero, this is not a restrition as it is
known in the literature [25, 26, 27℄).
The absolute value of the response funtions (17) of the Virgo (L = 3Km)
and LIGO (L = 4Km) interferometers to the magneti omponent of the +
polarization for θ = pi4 and φ =
pi
3 are respetively shown in gures 3 and 4
in the low-frequeny range 10Hz ≤ f ≤ 100Hz. This quantity inreases with
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Figure 3: the absolute value of the total response funtion of the Virgo interfer-
ometer to the magneti omponent of the + polarization for θ = pi4 and φ =
pi
3
in the low-frequeny range 10Hz ≤ f ≤ 100Hz
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Figure 4: the absolute value of the total response funtion of the LIGO interfer-
ometer to the magneti omponent of the + polarization for θ = pi4 and φ =
pi
3
in the low- frequeny range 10Hz ≤ f ≤ 100Hz
8
01
2
3
Theta
0
2
4
6
Phi
-0.001
-0.0005
0
0.0005
0.001
Value
Figure 5: the angular dependene of the response funtion of the Virgo inter-
ferometer to the magneti omponent of the + polarization for f = 100Hz
inreasing frequeny. The angular dependenes of the response funtion (17)
of the Virgo and LIGO interferometers to the magneti omponent of the +
polarization for f = 100Hz are shown in gures 5 and 6.
4 Analysis for the × polarization
The analysis an be generalized for the magneti omponent of the × polar-
ization too. In this ase, equations (4) an be rewritten for the pure magneti
omponent of the × polarization as
x(t) = l1 +
1
2 l2l3h˙×(t)
y(t) = l2 +
1
2 l1l3h˙×(t)
z(t) = l3 −
1
2 l1l2h˙×(t).
(18)
Using eqs. (18), (9) and (10), the u oordinate of the mirror in the u arm of
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Figure 6: the angular dependene of the response funtion of the LIGO inter-
ferometer to the magneti omponent of the + polarization for f = 100Hz
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the interferometer is given by
u = L+
1
4
L2Ch˙×(t), (19)
where
C ≡ −2 cosθ cos2 φ sin θ sinφ, (20)
while the v oordinate of the mirror in the v arm of the interferometer is given
by
v = L+
1
4
L2Dh˙×(t), (21)
where
D ≡ 2 cos θ cosφ sin θ sin2 φ. (22)
Thus, with an analysis similar to the one of previous Setions, it is possi-
ble to show that the response funtion of the interferometer for the magneti
omponent of the × polarization is
H×magn(ω) = −iωT (C −D) =
= −iωL sin 2φ(cosφ+ sinφ) cos θ,
(23)
in perfet agreement with the result of Baskaran and Grishhuk (eqs. 46 and
50 of [24℄). The absolute value of the total response funtions (23) of the Virgo
and LIGO interferometers to the magneti omponent of the × polarization for
θ = pi4 and φ =
pi
3 are respetively shown in gure 7 and 8 in the low- frequeny
range 10Hz ≤ f ≤ 100Hz. This quantity inreases with inreasing frequeny
in analogy with the ase shown in previous Setion for the magneti omponent
of the + polarization. The angular dependenes of the total response funtion
(23) of the Virgo and LIGO interferometers to the magneti omponent of the
× polarization for f = 100Hz are shown in gure 9 and 10.
5 More aurate response funtions for the mag-
neti omponents
One an extend equations (3) in the form [25, 27℄
t(t+ z) = ttt +
1
4 (x
2
tt − y
2
tt)h˙+(t+ z)−
1
2xttytth˙×(t+ z)
x(t+ z) = xtt +
1
2xtth+(t+ z)−
1
2ytth×(t+ z) +
1
2xttztth˙+(t+ z)−
1
2yttztth˙×(t+ z)
y(t+ z) = ytt +
1
2ytth+(t+ z)−
1
2xtth×(t+ z) +
1
2yttztth˙+(t+ z)−
1
2xttztth˙×(t+ z)
z(t+ z) = ztt −
1
4 (x
2
tt − y
2
tt)h˙+(t+ z) +
1
2xttytth˙×(t+ z).
(24)
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Figure 7: the absolute value of the total response funtion of the Virgo interfer-
ometer to the magneti omponent of the × polarization for θ = pi4 and φ =
pi
3
in the low- frequeny range 10Hz ≤ f ≤ 100Hz
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Figure 8: the absolute value of the total response funtion of the LIGO interfer-
ometer to the magneti omponent of the × polarization for θ = pi4 and φ =
pi
3
in the low- frequeny range 10Hz ≤ f ≤ 100Hz
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Figure 9: the angular dependene of the total response funtion of the Virgo
interferometer to the magneti omponent of the × polarization for f = 100Hz
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Figure 10: the angular dependene of the total response funtion of the LIGO
interferometer to the magneti omponent of the × polarization for f = 100Hz
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This is beause for a large separation between the test masses (in the ase
of Virgo the distane between the beam-splitter and the mirror is three kilo-
meters, four in the ase of LIGO), one annot ompute the oeients of this
transformation (omponents of the metri and its rst time derivative) along
the entral wordline of the loal observer, but a dependene from the position
of the test masses is needed [25, 27℄. Thus, also equations (4), (5), (6), (7), (8)
and (11) have to be modied in the same way. In partiular, we get
u = L+
1
4
L2Ah˙+(t+ u sin θ cosφ). (25)
From eq. (25) we nd that the displaements of the two masses under the
inuene of the GW are
δub(t) = 0 (26)
and
δum(t) =
1
4
L2Ah˙+(t+ L sin θ cosφ). (27)
In this way, the relative displaement, whih is dened by
δL(t) = δum(t)− δub(t) (28)
gives
δT (t)
T
=
δL(t)
L
=
1
4
LAh˙+(t+ L sin θ cosφ). (29)
But we have the problem that, for the large separation between the test masses,
the denition (28) for relative displaements beomes unphysial beause the
two test masses are taken at the same time and therefore annot be in a asual
onnetion [25, 27℄. We an write the orret denitions using a the so alled
bouning photon method: a photon an be launhed from the beam-splitter
to be bouned bak by the mirror (Figure 1). This method has been generalized
to salar waves, angular dependenes and massive modes of GWs in [2, 9, 25,
26, 27℄.
One obtains:
δL1(t) = δum(t)− δub(t− T1) (30)
and
δL2(t) = δum(t− T2)− δub(t), (31)
where T1 and T2 are the photon propagation times for the forward and return
trip orrespondingly. Aording to the new denitions, the displaement of one
test mass is ompared with the displaement of the other at a later time to
allow for nite delay from the light propagation. We note that the propagation
times T1 and T2 in eqs. (30) and (31) an be replaed with the nominal value T
15
beause the test mass displaements are alredy rst order in h+ [25, 27℄. Thus,
for the total hange in the distane between the beam splitter and the mirror
in one round-trip of the photon, we get
δLr.t.(t) = δL1(t− T ) + δL2(t) = 2δum(t− T )− δub(t)− δub(t− 2T ), (32)
and in terms of the amplitude of the GW:
δLr.t.(t) =
1
2
L2Ah˙+(t+ L sin θ cosφ− L). (33)
The hange in distane (33) leads to hanges in the round-trip time for photons
propagating between the beam-splitter and the mirror:
δ1T (t)
T
=
1
2
LAh˙+(t+ L sin θ cosφ− L). (34)
6 Eet of urved spaetime
In the last alulation (variations in the photon round-trip time whih ome
from the motion of the test masses induted by the magneti omponent of
the + polarization of the GW), we impliitly assumed that the propagation of
the photon between the beam-splitter and the mirror of the interferometer is
uniform as if it were moving in a at spae-time. But the presene of the tidal
fores indiates that the spae-time is urved. As a result, we have to onsider
one more eet after the rst disussed that requires spaial separation [25, 27℄.
From equation (27) we get the tidal aeleration of a test mass aused by
the magneti omponent of the + polarization of the GW in the u diretion
u¨(t+ u sin θ cosφ) =
1
4
L2A
∂
∂t
h¨+(t+ u sin θ cosφ). (35)
Equivalently, we an say that there is a gravitational potential [25, 27℄:
V (u, t) = −
1
4
L2A
∫ u
0
∂
∂t
h¨+(t+ l sin θ cosφ)dl, (36)
whih generates the tidal fores, and that the motion of the test mass is
governed by the Newtonian equation
−¨→r = −▽ V. (37)
For the seond eet, we onsider the interval for photons propagating along
the u -axis
ds2 = g00dt
2 + du2. (38)
The ondition for a null trajetory (ds = 0) gives the oordinate veloity of
the photons
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v2 ≡ (
du
dt
)2 = 1 + 2V (t, u), (39)
whih to rst order in h+ is approximated by
v ≈ ±[1 + V (t, u)], (40)
with + and − for the forward and return trip respetively. If we know the
oordinate veloity of the photon, we an dene the propagation time for its
travelling between the beam-splitter and the mirror:
T1(t) =
∫ um(t)
ub(t−T1)
du
v
(41)
and
T2(t) =
∫ ub(t)
um(t−T2)
(−du)
v
. (42)
The alulations of these integrals would be ompliated beause the um
boundaries of them are hanging with time:
ub(t) = 0 (43)
and
um(t) = L+ δum(t). (44)
But we note that, to rst order in h+, these ontributions an be approxi-
mated by δL1(t) and δL2(t) (see eqs. (30) and (31)). Thus, the ombined eet
of the varying boundaries is given by δ1T (t) in eq. (34). Then, we have only
to alulate the times for photon propagation between the xed boundaries: 0
and L. We will denote suh propagation times with ∆T1,2 to distinguish from
T1,2. In the forward trip, the propagation time between the xed limits is
∆T1(t) =
∫ L
0
du
v(t′, u)
≈ L−
∫ L
0
V (t′, u)du, (45)
where t′ is the delay time (i.e. t is the time at whih the photon arrives in
the position L, so L− u = t− t′) whih orresponds to the unperturbed photon
trajetory:
t′ = t− (L− u).
Similarly, the propagation time in the return trip is
∆T2(t) = L−
∫ 0
L
V (t′, u)du, (46)
where now the delay time is given by
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t′ = t− u.
The sum of ∆T1(t− T ) and ∆T2(t) give us the round-trip time for photons
traveling between the xed boundaries. Then, we obtain the deviation of this
round-trip time (distane) from its unperturbed value 2T :
δ2T (t) = −
∫ L
0
[V (t− 2L+ u, u)du+
−
∫ 0
L
V (t− u, u)]du,
(47)
and, using eq. (36), it is
δ2T (t) =
1
4L
2A
∫ L
0 [
∫ u
0
∂
∂t
h¨+(t− 2T + l(1 + sin θ cosφ))dl+
−
∫ u
0
∂
∂t
h¨+(t− l(1− sin θ cosφ)dl]du.
(48)
Thus, the total round-trip proper distane in presene of the magneti om-
ponent of the + polarization of the GW is:
Tt = 2T + δ1T + δ2T, (49)
and
δTu = Tt − 2T = δ1T + δ2T (50)
is the total variation of the proper time (distane) for the round-trip of the
photon in presene of the magneti omponent of the GW in the u diretion.
Using eqs. (34), (48) and the Fourier transform of h+ dened by (16), the
quantity (50) an be omputed in the frequeny domain:
δ˜Tu(ω) = δ˜1T (ω) + δ˜2T (ω) (51)
where
δ˜1T (ω) = −iω exp[iωL(1− sin θ cosφ)]
L2A
2
h˜+(ω) (52)
δ˜2T (ω) =
iωL2A
4 [
−1+exp[iωL(1−sin θ cosφ)]−iLω(1−sin θ cosφ)
(1−sin θ cosφ)2 +
+ exp(2iωL)(1−exp[iωL(−1−sin θ cosφ)]−iLω(1+sin θ cosφ)(−1−sin θ cosφ)2 ]h˜+(ω).
(53)
In the above omputation the derivation and translation theorems of the
Fourier transform have been used. In this way, the response funtion of the u
arm of the interferometer to the magneti omponent of the + polarization of
the GW is
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H+u (ω) ≡
δ˜Tu(ω)
Lh˜+(ω)
=
= −iω exp[iωL(1− sin θ cosφ)]LA2 +
iωLA
4 [
−1+exp[iωL(1−sin θ cosφ)]−iLω(1−sin θ cosφ)
(1−sin θ cosφ)2 +
+ exp(2iωL)(1−exp[iωL(−1−sin θ cosφ)]−iLω(1+sin θ cosφ)(−1−sin θ cosφ)2 ].
(54)
7 Computation for the v arm
The omputation for the v arm is parallel to the one above. Using eqs. (8), (9)
and (10) the oordinate of the mirror in the v arm is:
v = L+
1
4
L2Bh˙+(t+ v sin θ sinφ). (55)
Thus, with the same way of thinking of previous Setions, we get variations
in the photon round-trip time whih ome from the motion of the beam-splitter
and the mirror in the v diretion:
δ1T (t)
T
=
1
2
LBh˙+(t+ L sin θ sinφ− L), (56)
while the seond ontribute (propagation in a urve spaetime) will be
δ2T (t) =
1
4L
2B
∫ L
0
[
∫ u
0
∂
∂t
h¨+(t− 2T + l(1− sin θ sinφ))dl+
−
∫ u
0
∂
∂t
h¨+(t− l(1− sin θ sinφ)dl]du,
(57)
and the total response funtion of the v arm for the magneti omponent of
the + polarization of GWs is given by
H+v (ω) ≡
δ˜Tu(ω)
Lh˜+(ω)
=
= −iω exp[iωL(1− sin θ sinφ)]LB2 +
+ iωLB4 [
−1+exp[iωL(1−sin θ sinφ)]−iLω(1−sin θ sinφ)
(1−sin θ cosφ)2 +
+ exp(2iωL)(1−exp[iωL(−1−sin θ sinφ)]−iLω(1+sin θ sinφ)(−1−sin θ sinφ)2 ].
(58)
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8 The total response funtion of an interferome-
ter for the + polarization
The total response funtion for the magneti omponent of the + polarization
is given by the dierene of the two response funtion of the two arms:
H+tot(ω) ≡ H
+
u (ω)−H
+
v (ω), (59)
and, using eqs. (54) and (58), we obtain a ompliated formula
H+tot(ω) =
δ˜Ttot(ω)
Lh˜+(ω)
=
= −iω exp[iωL(1− sin θ cosφ)]LA2 +
LB
2 iω exp[iωL(1− sin θ sinφ)]
− iωLA4 [
−1+exp[iωL(1−sin θ cosφ)]−iLω(1−sin θ cosφ)
(1−sin θ cosφ)2
+ exp(2iωL)(1−exp[iωL(−1−sin θ cosφ)]−iLω(1+sin θ cosφ)(−1−sin θ cosφ)2 ]+
+ iωLB4 [
−1+exp[iωL(1−sin θ sinφ)]−iLω(1−sin θ sinφ)
(1−sin θ cosφ)2 +
+ exp(2iωL)(1−exp[iωL(−1−sin θ sinφ)]−iLω(1+sin θ sinφ)(−1−sin θ sinφ)2 ],
(60)
that, in the low freuenies limit is in perfet agreement with the result of
Baskaran and Grishhuk (eq. 49 of [24℄), i.e. with eq. (17):
H+tot(ω → 0) =
1
4
sin θ[(cos2 θ + sin 2φ
1 + cos2 θ
2
)](cosφ− sinφ). (61)
In gures 11 and 12 the angular dependenes of the total response funtion
(60) of the Virgo and LIGO interferometers to the magneti omponent of the +
polarization of GWs at the frequeny f = 8000Hz are respetively shown. This
frequeny falls in the high-frequeny portion of the interferometers sensitivity
band, thus, the magneti ontribution beomes quit important. In fat, gures
11 and 12 show that it an go over the 10% of the total signal.
9 Analysis for the × polarization
The analysis an be generalized for the magneti omponent of the × polariza-
tion too. In this ase, using equations (24), (9) and (10) the u oordinate of the
mirror situated in the u arm of the interferometer is given by
u = L+
1
4
L2Ch˙×(t+ u sin θ cosφ). (62)
while the v oordinate of the mirror situated in the v arm of the interferom-
eter is given by
v = L+
1
4
L2Dh˙×(t+ v sin θ sinφ). (63)
20
01
2
3
Theta
0
2
4
6
Phi
0
0.05
0.1
Value
Figure 11: the angular dependene of the response funtion of the Virgo inter-
ferometer to the magneti omponent of the + polarization for f = 8000Hz
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Figure 12: the angular dependene of the response funtion of the LIGO inter-
ferometer to the magneti omponent of the + polarization for f = 8000Hz
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Thus, with an analysis similar to the one of previous Setions, it is possible
to show that the total response funtion of the interferometer for the magneti
omponent of the × polarization of GWs is
H×tot(ω) =
δ˜Ttot(ω)
Lh˜×(ω)
=
= −iω exp[iωL(1− sin θ cosφ)]LC2 +
LD
2 iω exp[iωL(1− sin θ sinφ)]
− iωLC4 [
−1+exp[iωL(1−sin θ cosφ)]−iLω(1−sin θ cosφ)
(1−sin θ cosφ)2
+ exp(2iωL)(1−exp[iωL(−1−sin θ cosφ)]−iLω(1+sin θ cosφ)(−1−sin θ cosφ)2 ]+
+ iωLD4 [
−1+exp[iωL(1−sin θ sinφ)]−iLω(1−sin θ sinφ)
(1−sin θ cosφ)2 +
+ exp(2iωL)(1−exp[iωL(−1−sin θ sinφ)]−iLω(1+sin θ sinφ)(−1−sin θ sinφ)2 ],
(64)
that, in the low frequenies limit, is in perfet agreement with the result of
Baskaran and Grishhuk (eq. 50 of [24℄) and with eq. (23):
H×tot(ω → 0) =
1
4
sin 2φ(cosφ+ sinφ) cos θ. (65)
In gure 13 and 14 the angular dependenes of the total response funtion (64)
of the Virgo and LIGO interferometers to the magneti omponent of the ×
polarization of GWs at the frequeny f = 8000Hz are respetively shown.
The gures show the importane of the magneti ontribution in the high-
frequeny portion of the interferometers sensitivity band in this ase (× polar-
ization) too.
Beause the response funtions to the magneti omponents grow with
frequeny, as it is shown in eqs. (60) and (64), one ould think that the part
of signal whih arises from the magneti omponents ould in priniple beome
the dominant part of the signal at high frequenies (see also [25, 27℄), and, in
priniple, extend the frequeny range of interferometers. But, to understand if
this is orret, one has to use the full theory of gravitational waves.
10 The total response funtion of interferometers
in the full theory of gravitational waves
The low-frequenies approximation, used in Setions 3 and 4 to show that the
magneti and eletri ontributions to the response funtions an be iden-
tied without ambiguity in the longh-wavelengths regime [26, 27, 24℄, is su-
ient only for ground based interferometers, for whih the ondition f ≪ 1/L
is in general satised. For spae-based interferometers, for whih the above
ondition is not satised in the high-frequeny portion of the sensitivity band
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Figure 13: the angular dependene of the response funtion of the Virgo inter-
ferometer to the magneti omponent of the × polarization for f = 8000Hz
[24, 25, 26, 27℄, the response funtions of Setions 8-9 give a better approxima-
tion [24, 25, 26, 27℄. But, to ompute the orret total response funtion, without
any approximation in distane and/or frequeny, the full theory of gravitational
waves has to be used [2, 26℄.
In this Setion, the variation of the proper distane that a photon overs to
make a round-trip from the beam-splitter to the mirror of an interferometer is
omputed with the gauge hoie (2) (see also [2, 26℄). In this ase, one does not
need the oordinate transformation (3) from the TT oordinates to the frame
of the loal observer. Thus, with a treatment similar to the one of [2, 26℄, the
analysis is translated in the frequeny domain and the general response funtions
are obtained.
A speial property of the TT gauge is that an inertial test mass initially at
rest in these oordinates, remains at rest throughout the entire passage of the
GW [2, 26℄. Here we have to larify the use of words  at rest: we want to
mean that the oordinates of the test mass do not hange in the presene of
the GW. The proper distane between the beam-splitter and the mirror of the
interferometer hanges even though their oordinates remain the same [2, 26℄.
We start from the + polarization. Labelling the oordinates of the TT gauge
with t, x, y, z for a sake of simpliity, the line element (2) beomes:
ds2 = −dt2 + dz2 + [1 + h+(t+ z)]dx
2 + [1 + h+(t+ z)]dy
2. (66)
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Figure 14: the angular dependene of the response funtion of the LIGO inter-
ferometer to the magneti omponent of the × polarization for f = 8000Hz
But the arms of the interferometer are in the
−→u and −→v diretions, while the
x, y, z frame is the proper frame of the propagating GW.
The oordinate transformation for the metri tensor is [2, 26℄:
gik =
∂xi
∂x′l
∂xk
∂x′m
g′lm. (67)
By using eq. (9), (10) and (67), in the new rotated frame the line element
(66) in the
−→u diretion beomes:
ds2 = −dt2 + [1 + (cos2 θ cos2 φ− sin2 φ)h+(t+ u sin θ cosφ)]du
2. (68)
The ondition for null geodesis (ds2 = 0) in eq. (68) gives the oordinate
veloity of the photon:
v2 ≡ (
du
dt
)2 =
1
[1 + (cos2 θ cos2 φ− sin2 φ)h+(t+ u sin θ cosφ)]
. (69)
We reall that the beam splitter is loated in the origin of the new oordinate
system (i.e. ub = 0, vb = 0, wb = 0). The oordinates of the beam-splitter
ub = 0 and of the mirror um = L do not hange under the inuene of the GW,
thus, the duration of the forward trip an be written as
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T1(t) =
∫ L
0
du
v(t′ + u sin θ cosφ)
, (70)
with
t′ = t− (L− u).
In the last equation t′ is the delay time (see Setion 6).
At rst order in h+ this integral an be approximated with
T1(t) = T +
cos2 θ cos2 φ− sin2 φ
2
∫ L
0
h+(t
′ + u sin θ cosφ)du, (71)
where
T = L
is the transit time of the photon in absene of the GW. Similiarly, the du-
ration of the return trip will be
T2(t) = T +
cos2 θ cos2 φ− sin2 φ
2
∫ 0
L
h+(t
′ + u sin θ cosφ)(−du), (72)
though now the delay time is
t′ = t− (u− l).
The round-trip time will be the sum of T2(t) and T1[t − T2(t)]. The latter
an be approximated by T1(t−T ) beause the dierene between the exat and
the approximate values is seond order in h+. Then, to rst order in h+, the
duration of the round-trip will be
Tr.t.(t) = T1(t− T ) + T2(t). (73)
By using eqs. (71) and (72) one sees immediately that deviations of this
round-trip time (i.e. proper distane) from its unperturbed value are given by
δT (t) = cos
2 θ cos2 φ−sin2 φ
2
∫ L
0
[h+(t− 2T − u(1− sin θ cosφ))+
+h+(t+ u(1 + sin θ cosφ))]du.
(74)
Now, using the Fourier transform of the + polarization of the eld, dened
by eq. (16), one obtains in the frequeny domain:
δT˜ (ω) =
1
2
(cos2 θ cos2 φ− sin2 φ)H˜u(ω, θ, φ)h˜+(ω), (75)
where
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H˜u(ω, θ, φ) =
−1+exp(2iωL)
2iω(1+sin2 θ cos2 φ)
+
+− sin θ cosφ((1+exp(2iωL)−2 exp iωL(1−sin θ cosφ)))2iω(1+sin θ cos2 φ)
(76)
and we immediately see that H˜u(ω, θ, φ)→ L when ω → 0.
Thus, the total response funtion of the u arm of the interferometer to the
+ omponent is:
Υ+u (ω) =
(cos2 θ cos2 φ− sin2 φ)
2L
H˜u(ω, θ, φ), (77)
where 2L = 2T is the round-trip time in absene of gravitational waves.
In the same way, the line element (66) in the
−→v diretion beomes:
ds2 = −dt2 + [1 + (cos2 θ sin2 φ− cos2 φ)h+(t+ v sin θ sinφ)]dv
2, (78)
and the response funtion of the v arm of the interferometer to the + polar-
ization is:
Υ+v (ω) =
(cos2 θ sin2 φ− cos2 φ)
2L
H˜v(ω, θ, φ) (79)
where, now
H˜v(ω, θ, φ) =
−1+exp(2iωL)
2iω(1+sin2 θ sin2 φ)
+
+− sin θ sinφ((1+exp(2iωL)−2 exp iωL(1−sin θ sinφ)))2iω(1+sin2 θ sin2 φ) ,
(80)
with H˜v(ω, θ, φ)→ L when ω → 0. In this ase the variation of the distane
(time) is
δT˜ (ω) =
1
2
(cos2 θ cos2 φ− cos2 φ)H˜v(ω, θ, φ)h˜+(ω). (81)
From equations (75) and (81), the total lengths of the two arms in presene
of the + polarization of the GW and in the frequeny domain are:
T˜u(ω) =
1
2
(cos2 θ cos2 φ− sin2 φ)H˜u(ω, θ, φ)h˜+(ω) + T (82)
and
T˜v(ω) =
1
2
(cos2 θ cos2 φ− cos2 φ)H˜v(ω, θ, φ)h˜+(ω) + T, (83)
that are partiular ases of the more general equation (39) in [24℄.
Thus, the total frequeny-dependent response funtion (i.e. the detetor
pattern) of an interferometer to the + polarization of the GW is:
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H˜+(ω) = Υ+u (ω)−Υ
+
v (ω) =
= (cos
2 θ cos2 φ−sin2 φ)
2L H˜u(ω, θ, φ)+
−
(cos2 θ sin2 φ−cos2 φ)
2L H˜v(ω, θ, φ)
(84)
that, in the low frequenies limit (ω → 0) is in perfet agreement with the
detetor pattern of eq. (46) in [24℄, if one retains the rst two terms of the
expansion:
H˜+(ω → 0) = 12 (1 + cos
2 θ) cos 2φ+
− 14 iωL sin θ[(cos
2 θ + sin 2φ1+cos
2 θ
2 )](cosφ− sinφ).
(85)
This result also onrms that the magneti ontribution to the variation of
the distane is an universal phenomenon beause it has been obtained starting
from the full theory of gravitational waves in the TT gauge (see also [2, 26, 27℄).
The same analysis an be now performed for the × polarization. In this
ase, from eq. (2) the line element is:
ds2 = −dt2 + dz2 + dx2 + dy2 + 2h×(t+ z)dxdy, (86)
and, by using eqs. (9), (10) and (67), the line element (86) in the u diretion
and in the new rotated frame beomes:
ds2 = −dt2 + [1− 2 cos θ cosφ sinφh×(t+ u sin θ cosφ)]du
2. (87)
Then, the response funtion of the u arm of the interferometer to the ×
polarization is:
Υ×u (ω) =
− cos θ cosφ sinφ
L
H˜u(ω, θ, φ), (88)
while the line element (86) in the v diretion beomes:
ds2 = −dt2 + [1 + 2 cos θ cosφ sinφh×(t+ u sin θ sinφ)]dv
2
(89)
and the response funtion of the v arm of the interferometer to the × polar-
ization is:
Υ×v (ω) =
cos θ cosφ sinφ
L
H˜v(ω, θ, φ). (90)
Thus, the total frequeny-dependent response funtion of an interferometer
to the × polarization is:
H˜×(ω) =
− cos θ cosφ sinφ
L
[H˜u(ω, θ, φ) + H˜v(ω, θ, φ)], (91)
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that, in the low frequenies limit (ω → 0), is in perfet agreement with the
detetor pattern of eq. (46) of [24℄, if one retains the rst two terms of the
expansion:
H˜×(ω → 0) = − cos θ sin 2φ− iωL sin 2φ(cosφ+ sinφ) cos θ. (92)
The total lengths of the two arms in presene of the × polarization and in
the frequeny domain are:
T˜u(ω) = (cos θ cosφ sinφ)H˜u(ω, θ, φ)h˜×(ω) + T (93)
and
T˜v(ω) = (− cos θ cosφ sinφ)H˜v(ω, θ, φ)h˜×(ω) + T, (94)
that also are partiular ases of the more general equation (39) of [24℄. The
total low frequenies response funtions of eqs. (85) and (92) are more aurate
than the traditional ones of [29, 30, 31℄, beause our equations inlude the
magneti ontribution.
Thus, the obtained results onrm the presene and importane of the so-
alled magneti omponents of GWs and the fat that they have to be taken
into aount in the ontext of the total response funtions of interferometers for
GWs propagating from arbitrary diretions.
The importane of the presented results is due to the fat that in this ase
the limit where the wavelenght is shorter than the lenght between the splitter
mirror and test masses is alulated. The signal drops o the regime, while
the alulation agrees with previous alulations for longer wavelenghts [24, 25℄.
The ontribution is important expeially in the high-frequeny portion of the
sensitivity band.
In fat, one an see the pronouned dierene between the traditional low-
frequeny approximation angular pattern of the Virgo interferometer for the +
polarization, i.e
1
2 (1 + cos
2 θ) cos 2φ as it is omputed in [29, 30, 31℄, whih is
shown in Figure 15, and the frequeny-dependent angular pattern (84), whih
is shown in Figure 16 at a frequeny of 8000 Hz, i.e. a frequeny whih falls in
the high-frequeny portion of the sensitivity band. The same angular patterns
are shown in Figures 17 and 18 for the LIGO interferometer. The dierene
between the low-frequeny approximation angular patterns and the frequeny-
dependent ones is important for the × polarization too, as it is shown in Figures
19, 20 for Virgo and in Figures 21, 22 for LIGO.
Seeing the Figures 16 and 18 of eq. (84) and 20 and 22 of (91) at 8000 Hz, one
sees that the magneti omponent of GWs annot extend the frequeny range
of interferometers. This is beause, even if magneti ontributions grow with
frequeny, as it is shown from eq. (60), the division between eletri and mag-
neti ontributions breaks down at high frequenies, thus one has to perform
omputations using the full theory of gravitational waves. The orrespondent
response funtions whih are obtained do not grow whih frequeny.
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Figure 15: The low-frequeny angular dependene to the + polarization for the
Virgo interferometer
11 Conlusions
Reently, arising from an enlighting analysis of Baskaran and Grishhuk in [24℄,
some papers in the literature have shown the presene and importane of the
so-alled magneti omponents of GWs, whih have to be taken into aount
in the ontext of the total response funtions of interferometers for GWs prop-
agating from arbitrary diretions. In [25℄ and [26℄ aurate response funtions
for the Virgo and LIGO interferometers have been analysed.
However, some results whih have been shown in [25℄ look in ontrast with
the results whih have been shown in[26℄. In fat, in [25℄ it was laimed that the
magneti omponent of GWs ould, in priniple, extend the frequeny range
of Earth based interferometers, while in [26℄ suh a possibility has been banned.
This ontrast has been partially solved in [27℄.
The aim of this review paper has been to re-analyse all the framework of the
magneti omponents of GWs with the goal of solving the mentioned ontrast
in denitive way.
Aurate response funtions for the Virgo and LIGO interferometers have
been re-disussed in detail too.
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Figure 16: The angular dependene to the + polarization for the Virgo inter-
ferometer at 8000 Hz
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Figure 17: The low-frequeny angular dependene to the + polarization for the
LIGO interferometer
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